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We study the Hawking flux from a black hole with soft hair by the anomaly cancellation method
proposed by Robinson and Wilczek. Unlike the earlier studies considering the black hole with linear
supertranslation hair, our study takes into account the supertranslation hair to the quadratic order,
which then yields the angular dependent horizon. As a result, highly nontrivial kinetic-mixings
appear among the spherical Kaluza-Klein modes of the (1+1)d near-horizon reduced theory, which
obscures the traditional derivation of the Hawking flux. However, after a series of field re-definitions,
we can disentangle the mode-mixings into canonical normal modes, but the reduced metrics for
these normal modes are mode-dependent. Despite of this, the resultant Hawking flux turns out to
be mode-independent and remains the same as the Schwarzschild’s one. Thus, one cannot tell the
black holes with nonlinear supertranslation hairs from the Schwarzschild’s one by examining the
Hawking flux, so that the nonlinear soft hairs can be thought as the microstates.
I. INTRODUCTION
Black hole information paradox [1] invoked by the dis-
covery of Hawking radiation [2, 3], indicates our insuffi-
cient understanding of quantum gravity and the nature
of microstates accounting for the Bekenstein-Hawking en-
tropy [4]. The microstates by definition should share the
common macroscopic observables, i.e., the so-called hard
hairs, which in black hole physics is the mass, charge
and angular momentum, and equivalently the Hawking
temperature and Hawking flux in the thermodynamic
sense. Therefore, the additional degrees of freedom ac-
counting for the black hole microstates can only be the
so-called soft hairs, which will not change the hard hairs
but may change the near- horizon properties such as it
shape and local geometry. Accordingly, the soft hairs
proposed in [5–7] can be microstates if they also keep the
thermal properties of black hole intact. The soft hairs are
the conserved charges of the infinite-dimensional symme-
tries, i.e., the BMS symmetries [8–10] of the asymptotic
flat spacetime, and can be observed through the gravi-
tational memory effect [11–13]. Moreover, the soft hairs
being treated as microstates are also proposed in [5] as
a resolution to information paradox. The key idea of [5]
is to view the formation and evaporation of a black hole
as the scattering process, the infinite relations imposed
by BMS symmetries are argued in [5] to be used to map
the soft hairs of the collapsing matters into the outgoing
Hawking flux, and thus help to resolve the information
paradox. However, the further analysis [14, 15] showed
that the soft modes are decoupled from the scattering of
the hard modes after appropriately dressing the in and
out states. This will preserve the Hawking flux and thus
the microstate nature of the linear soft hairs, as shown
in [16].
As far as we know, only two examples of exact
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soft-hairy black hole solutions have been constructed.
One is considered by Hawking, Perry and Strominger
(HPS) [17] by throwing the soft-hair shockwave into the
Schwarzschild black hole, and the other is explicitly con-
structed by Compere and Long (CL) [18] through non-
trivial coordinate transformations. Their main difference
is that the HPS black hole carries linear supertranslation
hair but the CL’s one carries nonlinear one. We will show
in this study, the nonlinear effect will deform the horizon
into non-spherical shape and this non-spherical horizon
will obscure the derivation of the Hawking flux.
As shown in the next section, the surface gravity of
the supertranslated black hole remains the same with the
Schwarzschild’s one. This implies the same Hawking tem-
perature and possibly the same Hawking flux. However,
the non-spherical horizon makes the task of evaluating
Hawking flux nontrivial even if the final result remains
the same as Schwarzschild case. Therefore, we in this pa-
per will try to resolve the issue of evaluating the Hawking
flux for the non-spherical horizon, and clarify the role of
nonlinear soft hairs as microstates.
There are various ways to derive the Hawking radi-
ation from conventional black holes by considering the
quantum field theory (QFT) in curved space. Besides
Hawking’s original derivation [3], Wilczek and his collab-
orators have developed two alternative methods of deriv-
ing the Hawking radiation. First, a tunneling method
proposed by Parikh and Wilczek [19] is to calculate the
WKB amplitude of classical forbidden path to evaluate
the radiation spectrum. Later, motivated by the earlier
trace-anomaly proposal [20] for 2d gravity, Wilczek and
his collaborators [21–23] utilize the chiral nature of the
QFT in the reduced (1+1)d near horizon region due to
the absence of ingoing modes, which results in the (con-
sistent) gravitational anomaly [24, 25]
∇µT µν = 1√−g∂µN
µ
ν (1)
where for the Schwarzschild-like metric ds2 = −f(r)dt2+
2dr2/f(r), the non-vanishing components of Nµν is
N rt =
1
192
(f ′2 + f ′′f), N tr =
−1
192f2
(f ′2 − f ′′f). (2)
Thus, an extra flux, i.e., the Hawking flux, is induced to
cancel the gravitational anomaly so that the underlying
covariance is preserved.
The Hawking flux for the HPS black hole and its
Vaidya type generalization has been investigated in [26]
by adopting the tunneling method of [19], and in [27] (see
also [16]) by using Hawking’s original method. Both con-
clude that the Hawking flux from HPS’s remains the same
as the Schwarzschild’s one. In this Letter we will con-
sider this issue for the CL’s one by anomaly cancellation
method of [21]. As mentioned, the non-spherical horizon
deformed by the nonlinear soft hair poses a challenge to
examine the thermal nature of its Hawking flux. Indeed,
the complication arises when performing the dimensional
reduction since the non-spherical horizon shape induces
nontrivial mode-mixings in the (1+1)d reduced theory,
which prevent identifying the normal modes and obtain-
ing their associated Hawking flux. Despite of this, we will
show that the mode-mixings can be removed by nontriv-
ial field-redefinitions so that the resultant Hawking flux
is still the same as the Schwarzschild’s one.
The remaining of the paper is organized as follows. In
the next section, we expand the metric for the static soft-
hairy black hole [27] up to the second order of the soft
hair function, then transform it into the Schwarzschild
coordinate for a chosen soft hair function and check its
surface gravity to be the same as the one without soft
har. In section III we perform the dimensional reduc-
tion to obtain the near-horizon reduced theory and spell
out the structure of mode-mixings. In section IV we re-
move the infinite mode-mixings by a series of nontrivial
field re-definitions, and then arrive the diagonal reduced
theory, and based on which, in section V for each “nor-
mal mode” we obtain the Hawking temperature from the
reduced metric, and the Hawking flux by the method
of anomaly cancellation. We find the results are the
same as the ones for Schwarzschild black hole. In section
VI we conclude our paper and discuss why our results
should hold for general quadratic soft hair. Besides, in
Appendix A we collect the details of the metric of su-
pertranslated black hole considered in this paper, and in
Appendix B we collect the full details of the near-horizon
reduced theory, which is the starting point up to some
field re-definitions for the method of anomaly cancella-
tion to derive the Hawking flux.
II. BLACK HOLES WITH
SUPERTRANSLATION SOFT-HAIRS
Supertranslations are the direction-dependent time-
like Killing transformations on the null-like infinities of
the asymptotically flat spacetimes, the metric of which
in the Bondi coordinates specifically for the past null in-
finity I− takes the following form
ds2 = −dv2 + 2dvdr + r2γABdzAdzB
+
2M
r
dv2 + rCABdz
AdzB −DBCABdvdzA + · · · (3)
where γAB is the metric of unit 2-sphere, DA is the co-
variant derivative with respect to γAB . The Bondi mass
aspectM and the traceless tensor CAB depend on (v, z
A),
and characterize the high degeneracy of classical vacua
of general relativity. The associated Killing field preserv-
ing the above asymptotic metric in the Bondi gauge is as
follows:
ξC = C∂v − 1
r
DAC∂A +
1
2
D2C∂r (4)
where C = C(zA). We can also obtain the Bondi metric
for the the future null infinity I+ in a similar way in
terms of the outgoing Eddington-Finkelstein coordinate
(u, r, zA).
What we will be interested is the CL type supertrans-
lated black hole which is the vacuum solution of Einstein
equation and carries the supertranslation charges of the
above asymptotic BMS symmetries. Its metric in the
isotropic coordinate takes the following form [27]:
ds2= −
(
1− M2ρs
)2
(
1 + M2ρs
)2 dt2 + (1 + M2ρs
)4
×
(
dρ+ [((ρ− E)2 + U)γAB + (ρ− E)CAB ]dzAdzB
)
(5)
where the auxiliary radial coordinate ρs is re-
lated to the radial coordinate ρ by ρs =√
(ρ− C − C(0,0))2 +DACDAC, here C(0,0) denotes
the constant mode of C = C(zA) in spherical harmonic
expansion. Besides,
CAB := −(2DADB − γABD2)C,
U :=
1
8
CABC
AB , E :=
1
2
D2C + C − C(0,0). (6)
This metric reduces to Schwarzschild black hole of mass
M in the isotropic coordinate when setting C = 0.
Due to the nontrivial relation between ρ and and ρs,
the metric (5) is to all orders of C in C-expansion, thus
the supertranslation hair here is nonlinear in contrast to
the HPS’s one. Up to the first order of C, ρ = ρs +
C +C(0,0)+O(C2) so that dρ = dρs+ ∂ACdzA, then we
can transform the metric (5) up to the first order of C
to the Schwarzschild coordinate (t, r, zA) by the relation
r = ρs(1 +
M
2ρs
)2. The resultant metric has the same
tt- and rr-components as the Schwarzschild metric so
that the position of the horizon and surface gravity are
the same as the ones of Schwarzschild black hole. One
expects the Hawking flux is thermal as usual. This result
is the same as the one obtained in [26] for the HPS black
which also carries just the linear supertranslation hair.
3We now expand the metric to the second order of C,
and examine the same issue. For concreteness and sim-
plicity, we consider the following soft hair1:
C = εMY 02 (θ, φ) = εM
√
5
16π
(
3 cos2 θ − 1) (7)
so that C(0,0) = 0. Here, ε is a small parameter to keep
track of the order in the C expansion of the metric. The
factor of M in (7) is just our convention. Moreover, to
avoid lengthy formulas, we will just write down the met-
ric in the near-horizon region relevant for the anomaly
cancellation method of deriving Hawking flux. The full
metric is given in the Appendix A. The resultant near-
horizon metric in the Schwarzschild (not the isotropic)
coordinate up to O(r − rh) and O(ε2) is
ds2 = gttdt
2 + grrdr
2 + 2grθdrdθ + gθθdθ
2 + gφφdφ
2
with
gtt = −g−1rr = −
r − rh
2M
(1− 45ε
2 sin2 2θ
8π
), (8)
gθθ = r
2
(
1 + 6
√
5
π
ε cos 2θ +
5ε2
16π
(75 + 69 cos 4θ)
)
,(9)
grθ = −3ε
√
10M3
π(r − rh) sin 2θ +
15ε2M2 sin 4θ
2π(r − rh) , (10)
gφφ = r
2 sin2 θ
(
1 + 3ε cos2 θ
{
2
√
5
π
+
5
4π
ε
− 35
8π
(r − rh)ε+ 55
4π
ε cos 2θ
})
(11)
and
rh = 2M(1− 15ε
2 sin2 2θ
16π
). (12)
Note that gtt = 0 at r = rh so that the horizon position
is shifted from 2M to rh, and the more important it is
now angular dependent. To make sure r = rh is indeed a
null hypersurface N , we evaluate the norm of the normal
vector ℓ to a family of surfaces S = r − rh [29], i.e.,
ℓ2 ∝ gµν∂µS∂νS (13)
and find that ℓ2 indeed vanishes at r = rh + O(ε3).
We then evaluate the surface gravity κ for the time-like
Killing vector ξ = ∂t (for static solutions) [29] and obtain
κ =
√
−1
2
(Dµξν)(Dµξν)|N = 1
4M
+O(ε3). (14)
We see that the surface gravity equals to the one of
Schwarzschild black hole even though the horizon is no
longer spherical symmetric. Below we will calculate the
associated Hawking flux to examine if the quadratic su-
pertranslation hairs can be the microstates.
1 We chose this mode because we expect it will dominate when
forming a soft-hairy black hole from the coalescence of binary
black holes due to the evidences from the empirical studies of the
emitted gravitational wave in the merger and ringdown phases,
see e.g. [28]
III. NEAR-HORIZON REDUCED THEORY
We will calculate the Hawking flux a` la the anomaly
cancellation method [21], by first finding the reduced ac-
tion of a free scalar theory in the near-horizon region of
the background (8)
S =
∫
d4x
√−ggµν∂µφ∂νφ∗, (15)
=
∫
d4x
√−g[gtt|∂tφ|2 + grr|(∂r +Aθ∂θ)φ|2
− (g
rθ)2
grr
|∂θφ|2] (16)
where the last term involving (g
rθ)2
grr is sub-leading in the
near horizon limit and can be neglected, and the gauge
field Aθ ≡ g
rθ
grr is the θ-component not the t-component so
that it is irrelevant when considering the Hawking flux,
thus we will omit it in what follows.
To proceed further, we decompose the scalar field in
the spherical harmonic expansion, i.e., φ =
∑
ℓ,m φlmY
m
l .
Therefore, the relevant near-horizon action up to O(ε2)
is explicitly given by
Sn.h. =
∑
k,n,l,m
∫
dtdr
∫
dΩ Λ Y n∗k Y
m
l (g¯
tt|∂tφ|2+g¯rr|∂rφ|2)
(17)
where
g¯tt = −(g¯rr)−1 = − 2M
r − 2M (1 −
15ε2M sin2 2θ
8π(r − 2M) ) (18)
Λ = 4M2 sin θ
(
1 + 12εY 02 + ε
2(
120
7
√
π
Y 04 +
54
7
√
5
π
Y 02 )
)
.
After performing the spherical integral, the near-
horizon action involves the mode-mixings and takes the
following form:
Sn.h. =
∑
k,n,l,m
∫
d2x 4M2Λkn,lm((geff)
tt
kn,lm∂tφ
∗
kn∂tφlm
+(t→ r)) (19)
where
Λkn,lm =
∫
dΩ Λ Y n∗k Y
m
l
≡ Λ(0)lmδklδmn + Λ(2)lmδk−2,lδmn + Λ(4)lmδk−4,lδmn (20)
with Λ
(K)
kn,lm is a function of k, n, l,m andO(εK/2), and its
explicit form is given in Appendix B. The kinetic mixing
matrices are
(geff)
tt
kn,lm = −
1
(geff)rrkn,lm
= − 2(Meff)kn, lm
r − 2(Meff)kn, lm+O
(
ε3
)
,
(21)
with
(Meff)kn, lm = M +
15
16π
Ikn, lm
Λkn, lm
ε2 (22)
4where Ikn, lm =
∫
dΩ sin2 2θ Y n∗k Y
m
l . Note that on
arriving the RHS of (22), we have used the fact that
r ≃ 2M +O(ε2) in the near horizon region2.
From the above we can see that the reduced near-
horizon action (19) has high level of kinetic-mixings
among spherical harmonic modes. Thus, it is impossible
to interpret the kinetic mixing matrices as the reduced ef-
fective metric and determine the Hawking temperature of
the scalar modes unless we can remove the mode-mixings.
This is very different from the case of Schwarzschild and
Kerr black holes for which the reduced action has no
mode-mixing and all the modes see the same reduced
metric and Hawking temperature.
As a naive try, we can truncate the kinetic mixings
at some level and diagonalize the subspace of the trun-
cated modes. For example, a two-by-two kinetic mixing
matrix (e.g., (geff)
tt,rr modulo an overall factor) has the
following structure:(
1 + α0ε+ ε
2µ0 ∓ 2ε
2ζ0M
r−2M β0ε+ ε
2ν0 ∓ 2ε
2η0M
r−2M
β0ε+ ε
2ν0 ∓ 2ε
2η0M
r−2M 1 + α2ε+ ε
2µ2 ∓ 2ε
2ζ2M
r−2M
)
where ∓ correspond to tt- and rr-components, respec-
tively. Note that these two kinetic mixing matrices can be
diagonalized simultaneously. After diagonalization and
modulo the normalization factor, we get the reduced met-
rics up to O(ε2) seen by the normal modes labelled by ±
in the following form
gtteff,± = −(grreff,±)−1 = −
2M
r − 2M (1± c0ε
2 2M
2M − r ) (23)
where c0 is an M -independent constant. Using these re-
duced metrics we can find the Hawking temperature via
surface gravity by using (1+1)d version of (14) and the
Hawking flux by using the method of anomaly cancella-
tion. It is easy to see that both quantities are the same
as the ones of Schwarzschild black hole of the same mass
although the two modes see different metrics. However,
this is far from the full story as we have done severe level
truncation from an infinite mode-mixings. Below we re-
move the mode-mixings by field re-definitions.
IV. REMOVAL OF MODE-MIXING BY FIELD
RE-DEFINITIONS
We now perform a series of field re-definitions to dis-
entangle the mode-mixings and find the reduced metric
for each unmixed mode. We first introduce the shorten
notation: (A)lm,lm → (A)lm for some quantity A such as
2 See Appendix B for more details though it will not affect the
main conclusion.
gtt,rreff or Λ
(K), then we can rewrite (19) into the following:
Sn.h. = 4M
2
∫
dtdr
∑
l,m
∑
K=0,2,4
L
(K)
lm (24)
≡ 4M2
∫
dtdr
∑
l,m
Llm (25)
with
L
(K)
lm = (g
tt
eff)l+KmΛ
(K)
lm ∂tφ
∗
l+Km∂tφlm + (t→ r). (26)
Using the fact
(geff)
tt,rr
l+Km
(geff)
tt,rr
lm
∼ 1 + ε2, Λ(K)lm ∼ εK/2, (27)
and performing the rescaling: φlm → φlm/
√
Λ
(0)
lm , then
Llm = (g
tt
eff)lm∂t(φ
∗
lm + 2Γ
∗
lm)∂tφlm + (t→ r)
= (gtteff)lm
(
|∂tϕlm|2 − (Λ(2)lm)2|∂tφl+2m|2
)
+(t→ r) (28)
with
ϕlm ≡ φlm + Γlm, (29)
Γlm ≡
∑
K=2,4
Λ
(K)
lm φl+Km, (30)
Λ
(K)
lm =
1
2
Λ
(K)
lm√
Λ
(0)
lmΛ
(0)
l+Km
∼ O(εK/2). (31)
If there were no second term on the RHS of (28), we
would have achieved the goal of removing the mode-
mixing and the ϕlm’s will be the normal modes. How-
ever, we can “slide” the second term in the summation
of
∑
lm Llm. To proceed, we first notice that
(gtteff)lm(Λ
(2)
lm)
2 = (gtteff)l+2m(Λ
(2)
lm)
2 +O
(
ε3
)
(32)
by using (27) and (31). Next, we re-organize
∑
lm Llm
as follows:∑
l,m
Llm = (
1∑
l=0
l∑
|m|=0
+
∞∑
l=2
l∑
|m|=l−1
)(gtteff)lm|∂tϕlm|2
+
∞∑
l=2
l−2∑
|m|=0
(gtteff)lm
(
|∂tϕlm|2 − (Λ(2)l−2m)2|∂tφlm|2
)
+(t→ r). (33)
The modes appearing in the RHS of the first line are all
unmixed and the normal modes are just ϕlm for l = 0, 1
with |m| = l and for l = 2, · · · ,∞ with |m| = l − 1, l.
We thus only need to bring the RHS of the second line
into the canonical form by the following field rescaling:
φlm → φlm/
√
1− (Λ(2)l−2m)2 for l = 2, · · · ,∞ with |m| =
0, · · · , l − 2. Besides the scaling, we should also use the
5fact that under this scaling, Γ
(K)
lm → Γ(K)lm + O
(
ε3
)
and
∂tφΓ
(K)∗
lm → ∂tφΓ(K)∗lm + O
(
ε3
)
for all l and m, where
K = 2, 4, then we can achieve the “sliding” and also
ensure the already canonical modes, i.e., the ϕlm in the
first line of (33), are not affected. Without the above
fact, the sliding does not work simply from the naive
argument of completing the square. This indicates the
subtlety of our procedure.
Note that the above procedure of field-redefinition goes
almost the same for the rr-part. Therefore, after all the
field re-definitions and the “slidings”, we can bring the
reduced action (19) into the following unmixed canonical
form
Sn.h. = 4M
2
∫
dtdr
∑
l,m
(
(gtteff)lm|∂tϕlm|2+(grreff)lm|∂rϕlm|2
)
(34)
with (gtt,rreff )lm being (g
tt,rr
eff )lm,lm given in (21) and (22).
V. HAWKING FLUX A` LA ANOMALY
CANCELLATION
Based on the canonical reduced action (34), we see that
each normal mode sees different metric which depend on
l,m. Especially, the position of the horizon seen by the
normal mode ϕlm is at
r = 2(Meff)lm,lm ≡ 2(Meff)lm. (35)
Despite that, we can calculate the “Hawking temperature
for each normal mode” (TH)lm based on the correspond-
ing effective reduced metric, which remarkably turns out
to be mode-independent, i.e., (TH)lm = TH , and is the
same as the Schwarzschild’s one up to O(ε2) as
TH =
( 1
2π
|∂r(gtteff,±)−1|
)
|r=2(Meff )lm =
1
8πM
+O(ε3).
(36)
This result is in consistent with the surface gravity ob-
tained in (14).
For each normal mode we consider the associated
Hawking flux by the method of anomaly cancellation as
for the Schwarzschild case. The only difference is now
the reduced metrics are mode-dependent. For the re-
duced theory (34) we can write down the conservation
law for both the consistent and covariant stress tensors
with gravitational anomaly for each normal mode, re-
spectively,
∇µT µν, lm = 1
96π
√−(geff)lm ǫβδ∂δ∂αΓανβ, lm, (37)
∇µT˜ µν, lm = − 1
96π
√−(geff)lm ǫµν∂µRlm. (38)
By adopting the method of anomaly cancellation [21–
23], despite of the above anomalous Ward identity for
horizon modes, we shall require the invariance of total
effective action and the boundary condition by requiring
the covariant stress tensor vanishes on the horizon, i.e.,
(T˜ )µν, lm
∣∣
r=(rh (eff))lm
= 0, (39)
such that there is no out-going mode from the horizon.
From the above, one can deduce that the Hawking flux
ao is related to the gravitational anomaly N
r
t in (2) via
ao = N
r
t |r=2(Meff )lm =
π
12
T 2H . (40)
We can find that the Hawking flux is the same as the
Schwarzschild’s one.
VI. DISCUSSION AND CONCLUSION
By exploiting the anomaly cancellation method, we in
this paper have shown the Hawking flux for the non-
rotating black hole with quadratic supertranslation hair
is the same as the Schwarzschild’s one even though the
non-trivial mode-mixings arise in the near-horizon re-
duced field theories due to the non-spherical shape of
the horizon. For concreteness we have chosen a partic-
ular soft hair C function (i.e., Y 02 (θ, φ)) to proceed our
calculations, however our conclusion should hold for the
more generic quadratic supertranslation hairs3. This is
easy to be appreciated by the following facts: (1) as long
as the soft hair C function is φ-independent but still
θ-dependent, the near-horizon metric should still takes
the form of (8)-(11) but with different sub-leading coeffi-
cients of ǫ expansions. (2) These changes will only affect
the mode coefficients IAi,Bi,Ci,Dilm given in Appendix B,
which will then affect the mode-dependent part of the
reduced metric (21). (3) However, since the Hawking
flux (40) does not depend on the details of the mode-
dependent part of the reduced metric, we will expect to
get the same result. (4) Thus, our result should be uni-
versal although it needs further study if the C function
is also φ-dependent.
Lastly, our results obtained in this study are non-trivial
and against expectations. The reason for “non-trivial” is
that our result can be obtained through the highly com-
plicated calculation as in section IV, field re-definitions
and disentanglement of mode-mixings. The reason for
“against expectations” is that supertranslation and su-
perrotation map one spacetime solution of Einstein equa-
tion to another solution, and they differ by the soft hairs
which are the associated charges of supertranslation and
superrotation. The values of the soft hairs are deter-
mined from the process of the black hole formation, thus
3 We indeed have tried the quadratic soft hair with the simpler
function C = ǫMY 0
1
(θ, φ) and find that the Hawking flux is the
same as the ones for Schwarzschild black hole, though we do not
give the details here.
6the soft hairs are considered to correspond to the micro-
scopic degrees of freedom encoded in the spacetime of
a black hole [17, 18]. Naively one may expect that the
Hawking temperature and Hawking flux will be modified
by the addition of the degrees of freedom associated with
soft hairs.
Instead, our results show that the Hawking temper-
ature and flux are invariant under supertranslations,
which means the Hawking temperature and flux are in-
dependent of the supertranslation hairs, at least up to
the quadratic order, which may be related to the fact
that the black hole mass (measured as the Bondi mass)
is invariant under supertranslations. This may also be
the case for the superrotations. Therefore, our results
imply that the nonlinear soft hairs can be thought as
the degrees of freedom associated with the black hole mi-
crostates, which may change the shape of the horizon but
not the macroscopic thermodynamical quantities such as
the Hawking temperature and flux.
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Appendix A: Metric of supertranslated black hole
In this Appendix we give some details about the metric
we adopt for our study.
By adopting the soft hair function C = εMY 02 (θ, φ) =
εM
√
5
16π
(
3 cos2 θ − 1) (see also (7) in the main text),
the metric with quadratic supertranslation hair we will
study take the following form in the isotropic coordinate
ds2 = −
(
1− M2ρs
)2
(
1 + M2ρs
)2 dt2 + (1 + M2ρs
)4
(dρ2 + ρ2dΩ˜2)
(A1)
where the radial coordinate ρ is related to ρs by
ρ2s =
45ε2M2 sin2(2θ)
16π
+
(
ρ− 1
8
√
5
π
εM (3 cos 2θ + 1)
)2
,
and the metric of the deformed 2-sphere is given by
dΩ˜2 = (1 + ǫθθ)dθ
2 + sin2 θ(1 + ǫφφ)dφ
2 (A2)
with
ǫθθ =
1
4ρ
√
5
π
εM(9 cos(2θ)− 1) + 5ε
2M2(1 − 9 cos(2θ))2
64πρ2
+O
(
ε3
)
,
ǫφφ =
1
4ρ
√
5
π
εM(3 cos(2θ) + 5) +
5
64π
ε2M2(3 cos(2θ) + 5)2
+O
(
ε3
)
.
Next, we like to rewrite the metric (A1) into the form
in the Schwarzschild coordinate by requiring(
1− 2µ(ρ)r
)
=
(1− M2ρs )
2
(1+ M2ρs )
2 , (A3)
1
1− 2µ(ρ)
r
(
dr
dρ
)2
=
(
1 + M2ρs
)4
(A4)
so that the tt and rr-part of the resultant metric will take
the following form
−
(
1− 2µ(ρ)
r
)
dt2 +
1
1− 2µ(ρ)r
dr2 + · · · .
Solving the above conditions for the Schwarzschild radial
coordinate r and µ(ρ), and use the solutions to perform
the coordinate transformations to Schwarzschild coordi-
nate. After lengthy calculations, we arrive the following
metric in Schwarzschild coordinate
ds2 = gµνdx
µdxν (A5)
with nonzero components given as follows:
gtt =−
(
1− 2M
r
)
+
15ε2 sin2 2θ
(
M5 − 3M3
(√
r(r − 2M)−M + r
)2)
4πr
(
r +
√
r(r − 2M)
)2 (√
r(r − 2M)−M + r
)2
+O
(
ε3
)
,
grr =
1
1− 2Mr
+
15ε2 sin2 2θ
4πM(r − 2M)2
{
M3 + 3M2r − 6Mr2
− 2
(√
r5(r − 2M)− r3
)
+ 4Mr
√
r(r − 2M)
}
+O
(
ε3
)
,
gθθ =r
2 +
3
√
5
π εM cos 2θ
(√
r(r − 2M) + r
)4
2
(√
r(r − 2M)−M + r
)3 + NθDθ +O (ε3) ,
with
Dθ =8πr(r − 2M)2
[
M4 − 32Mr3 − 24M
√
r5(r − 2M)
+ 20M2r
(
2r +
√
r(r − 2M)
)
− 4M3
(
4r +
√
r(r − 2M)
)
+ 8
(
r4 +
√
r7(r − 2M)
) ]
7and
Nθ =15ε
2M2
[
− 4M5r2 + 8M4
(
2
√
r5(r − 2M) + 13r3
)
− 5M3
(
32
√
r7(r − 2M) + 73r4
)
+M2
(
268
√
r9(r − 2M) + 409r5
)
− 6M
(
26
√
r11(r − 2M) + 31r6
)
+ 30
(√
r13(r − 2M) + r7
)
+ cos 4θ
{
4M5r2 − 8M4
(
2
√
r5(r − 2M) + r3
)
+M3
(
−32
√
r7(r − 2M)− 115r4
)
+M2
(
116
√
r9(r − 2M) + 191r5
)
− 102Mr6
− 84M
√
r11(r − 2M) + 18
(√
r13(r − 2M) + r7
)}]
,
and
grθ =−
3
√
5
π εM sin 2θ
(
r +
√
r(r − 2M)
)4
8
√
r(r − 2M)
(√
r(r − 2M)−M + r
)3
+
15ε2M4r sin 4θ
4π(r − 2M)
(√
r(r − 2M)−M + r
)3 +O (ε3) ,
gφφ =r
2 sin2 θ +
3
√
5
π εM sin
2 2θ
(√
r(r − 2M) + r
)4
8
(√
r(r − 2M)−M + r
)3
+
15ε2M2 sin2 2θ
8πr2(r − 2M)2
(√
r(r − 2M)−M + r
)4Hφ
+O
(
ε3
)
,
with
Hφ =− 4M5r3 + 8M4
(
2
√
r7(r − 2M) + 7r4
)
−M3
(
64
√
r9(r − 2M) + 125r5
)
+M2
(
76
√
r11(r − 2M) + 109r6
)
− 6M
(
6
√
r13(r − 2M) + 7r7
)
+ 6
(√
r15(r − 2M) + r8
)
+
{
4M5r3 − 16M4
(√
r7(r − 2M) + 2r4
)
+M3
(
16
√
r9(r − 2M) + 5r5
)
+M2
(
20
√
r11(r − 2M) + 41r6
)
− 6M
(
4
√
r13(r − 2M) + 5r7
)
+ 6
(√
r15(r − 2M) + r8
)}
cos 2θ.
From the above, we can solve the position of the hori-
zon rh from the condition gtt(rh) = 0, and the result
is
rh = 2M − 15ε
2M sin2(2θ)
8π
+O
(
ε3
)
. (A6)
We see that rh receive an angular-dependent correction
to r = 2M at O(ε2). This angular correction of the
horizon position results in the nontrivial mode-mixing
when performing the dimensional reduction.
Since we are only interested in the near-horizon region
when considering the Hawking flux by the anomaly can-
cellation method, we will further take the near horizon
limit of the above metric, namely, taking r ≃ rh and
keep up to the leading order of O(r − rh). The resultant
near-horizon metric is
ds2 = g(n.h.)µν dx
µdxν
with the nonzero components up to O(ε2) as follows:
g
(n.h.)
tt = −(g(n.h.)rr )−1 = −
r − rh
2M
(
1− 45ε
2 sin2 2θ
8π
)
,
g
(n.h.)
θθ = r
2
(
1 + 6
√
5
π
ε cos 2θ +
5ε2
16π
(75 + 69 cos 4θ)
)
,
g
(n.h.)
rθ = −3ε
√
10M3
π(r − rh) sin 2θ +
15ε2M2 sin 4θ
2π(r − rh) ,
g
(n.h.)
φφ = r
2 sin2 θ
(
1 + 3ε cos2 θ
{
2
√
5
π
+
5
4π
ε
− 35
8π
(r − rh)ε+ 55
4π
ε cos 2θ
})
.
Appendix B: Reduced action
In this Appendix we give some more details about the
dimensionally reduced action.
The more detailed form of the reduced action of (19)
in the main text is∑
kn
∑
lm
∫
d2x
{
φ∗kn
(
− 2M
r − 2M Λlm, kn
− 15M
2ε2
4π(r − 2M)2I
C
kn, lm
)
∂t∂tφlm
+φ∗kn∂r
(
r − 2M
2M
Λlm, kn − 15M
2ε2
16π
ICkn, lm
)
∂rφlm
}
≡
∑
kn
∑
lm
∫
d2xΛkn, lm
(
geff)
tt
kn, lm∂tφ
∗
kn∂tφlm
+(geff)
rr
kn, lm∂rφ
∗
kn∂rφlm
)
with
(geff)
tt
kn,lm =
(−(geff)rrkn,lm)−1 ≡ − 2M
r − 2M − I
C
kn, lm
Λkn, lm
15Mε2
8πr
(B1)
8and
Λkn, lm =4M
2
{(
1 +
3
2
√
5
π
(
1 + 3IA0lm
)
ε
+
45
2π
(
−IB0lm + 3ID0lm
)
ε2
)
δklδmn
+
9
2
(√
5
π
IA2lm ε+
5
π
(
−IB2lm + 3ID2lm
)
ε2
)
δk−2,lδmn
+
135
2π
ID4lm ε2δk−4,lδmn
}
≡Λ(0)lmδklδmn + Λ(2)lmδk−2,lδmn + Λ(4)lmδk−4,lδmn.
where ∫
dΩcos 2θ (Y nk )
∗Y ml
=− 4m
2 − 1
4l2 + 4l− 3δklδnm
+
2(−1)2m
√
((l+1)2−m2)((l+2)2−m2)
(2l+1)(2l+5)
2l + 3
δk−2,lδnm
≡IA0lm δklδnm + IA2lm δk−2,lδnm ≡ IAlm, kn,
∫
dΩcos2 θ (Y nk )
∗Y ml
=
2l2 + 2l − 2m2 − 1
4(l+ 1)2 − 4(l + 1)− 3δklδnm
+
(−1)2m
√
((l+1)2−m2)((l+2)2−m2)
(2l+1)(2l+5)
2l + 3
δk−2,lδnm
≡IB0lm δklδnm + IB2lm δk−2,lδnm ≡ IBlm, kn,
∫
dΩ sin2(2θ) (Y nk )
∗Y ml
=8(−1)2mδklδnm×(
l(l+ 1)
(
l2 + l − 5)+ 2l(l+ 1)m2 − 3m4 + 3)
(2l− 3)(2l− 1)(2l+ 3)(2l + 5)
+ 4(−1)2m−2lδk−2,lδnm
√
((l + 1)2 −m2)((l + 2)2 −m2)
4l2 + 12l+ 5
× (−1)
2l(2l − 1)(2l+ 7)− 4(−1)2m (l(l+ 3)− 7m2)
7(2l− 1)(2l+ 3)(2l + 7)
− 4(−1)2m
√
((l + 1)2 −m2)((l + 2)2 −m2)
(2l + 1)(2l+ 3)2(2l + 9)
×
√
((l + 3)2 −m2)((l + 4)2 −m2)
(2l + 5)2(2l + 7)2
δk−4,lδnm
≡IC0lm δklδnm + IC2lm δnmδk−2,l + IC4lm δnmδk−4,l ≡ IClm, kn,
∫
dΩcos 2θ cos2 θ (Y nk )
∗Y ml
=
(−1)2mδklδnm
(2l − 3)(2l− 1)(2l + 3)(2l+ 5)
(
12m4 + 30m2 + 3
+ 2
(−8l(l+ 1)m2 + l(l + 1)(2l(l+ 1)− 7)) )
+ (−1)2m−2lδk−2,lδnm
√
((l + 1)2 −m2)((l + 2)2 −m2)
4l2 + 12l+ 5
× 8(−1)
2m
(
l(l + 3)− 7m2)+ 5(−1)2l(2l− 1)(2l + 7)
7(2l− 1)(2l + 3)(2l+ 7)
+ 2(−1)2mδk−4,lδnm
√
((l + 1)2 −m2)((l + 2)2 −m2)
(2l + 1)(2l + 3)2(2l+ 9)
×
√
((l + 3)2 −m2)((l + 4)2 −m2)
(2l + 5)2(2l + 7)2
≡ID0lm δklδnm + ID2lm δnmδk−2,l + ID4lm δnmδk−4,l ≡ IDlm, kn.
Note that we have used the contraction rule of spheri-
cal harmonics to relate the product of two spherical har-
monics to the Clebsch-Gordan coefficients, i.e.,
∫
dΩ (Y m1l1 )
∗(Y m2l2 )
∗YML =
√
(2l1 + 1)(2l2 + 1)
4π(2L+ 1)
× 〈l10 l20|L0〉〈l1m1 l2m2|LM〉, (B2)
and then evaluate the above integrals explicitly. How-
ever, as shown in the main text, the final answer for
the Hawking flux will not depend on the details of
IAi,Bi,Ci,Dilm so that our result should be quite universal
for the general quadratic supertranslation hair.
We comment that we can further simplify the reduced
metric given in (B1) by approximating r = 2M +O(ε2),
and then arrive the form given in (21) and (22) of the
main text. However, the final result for the Hawking flux
will be the same for either using this approximation or
not.
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